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Abstract 

Three dimensional Euclidean gravity in the dreibein-spin connection formalism 
is investigated. We use the monopole-instanton ansatz for the dreibein and the spin 
connection. The equations of motion are solved. We point out a two dimensional 
solution with a vanishing action. 
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2+1 dimensional gravity is an interesting model which carries some features of the 3+1 
dimensional general relativity. This model has been studied in the literature in great detail 
with many different approaches |T|, 0, [| [|, Q . Although there are no physical degrees 
of freedom and there is not a proper Newtonian limit , i.e. two static masses experience 
no force, three dimensional gravity is still far from being trivial. Banados, Teitelboim and 
Zanelli showed that there exists a solution which looks like the 3+1 dimensional black hole 
||. BTZ black hole has an event horizon and its thermodynamic properties resemble those 
of the "realistic" black hole. Unlike the four dimensional case, three dimensional black hole 
can not have a curvature singularity at the origin. But one can still study many classical 
and quantum properties of the 3+1 dimensional black hole through the BZT solution. 

Pure gravity (with or without cosmological constant) was shown to be equivalent 
to Chern-Simons theory ||, [|]. This equivalence led Witten |J to prove that the theory 
is quantizable and renormalizable. In the Achucarro-Townsend- Witten formulation one 
combines the dreibein and the spin connection into a single gauge field whose dynamics is 
governed by the Chern-Simons Lagrangian. 

Conformal Weyl tensor vanishes in 2+1 dimensions and the Riemann tensor is deter- 
mined by the Ricci tensor. The solutions to the Einstein's equations consist of flat spaces. 
In this letter we will be interested in the spaces with vanishing cosmological constant. The 
existence of non-trivial global geometry makes flat spaces interesting to study. 

In the path integral formulation of gravity , in the saddle point approximation, one is 
interested in the finite action solutions to the Euclidean equations of motion. Our purpose 
is to find monopole-instanton type solutions for Euclidean gravity with zero cosmological 
constant. We use the monopole ansatz for both the spin connection and the dreibein which 
are assumed to be independent fields. In the metric formulation of gravity metric has to be 
non-degenerate. In the dreibein-spin connection formalism dreibein need not be invertible. 
So one can obtain degenerate metrics. We adopt the later formalism. The results of our 
work depend on this crucial difference. We would like to stress that the non-invertibility 
of the dreibein is not unnatural if the spin connection and the dreibein are independent 
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fields 0, 0- In fact Witten |5|] shows that to make sense of the quantum theory of gravity 
one needs non-invertible dreibeins. 

In three dimensions the Einstein-Hilbert action can be written the following form 

Seh = ttt^ / d 3 xe ljk Vab e a t R b kj (1) 

where e a j is the dreibein and R a ij is the Riemann tensor. The indices (a, b, c) denote the 
local Lorentz frame and (i,j,k) are the non-inertial frame indices. The metrics , r] ab and 
gij have Euclidean signature. Explicitly the Riemann tensor is 

R a kj = d k w a j - d 3 w a k + e a bc w b k w c j (2) 

We have used the fact that in three dimensions one can treat the dreibein and the dual 
of the spin connection as the fundamental fields. The dual of the spin connection is a one 
form defined through w a = ^e abc Wb c . 

The symmetry group of the theory is GL(3, R) x SO (3). The first factor refers to the 
general coordinate transformations ,Le. x — > x'(x) which are realized by the fields in the 
following way. 



dxj a ,. x . v / a dxj 



e a i(x') = —— e" ax) w~ Ax' 



w a s {x) (3) 



dx n n 1 n 1 dx n 

50(3) is the group of local Lorentz rotations under which the fields transform in the 
following way. 

e a ' i(x) = A a b (x)e b t (x) w a ' = A a b (x)w b t (x) (4) 

A is an element of 5*0(3). It is clear that R a k j transform as a tensor under GL(3, R) and 
as a vector under 5*0(3). One should observe that unlike the case of non-Abelian Chern- 
Simons theory the constant multiplying the action is not quantized. G has the dimension 
of length. 

At the classical level the main question is to find the manifolds which minimize the 
action Seh- Equations of motion can be obtained by varying the action with respect to 
the dreibein and the spin connection. In doing so one obtains 



e ijk d ie a j + e ijk e a bc e b lW c j = 

e^ k R a jk = (5) 

The first equation is the torsion free condition and the second equation is analogous to 
Einstein equation in four dimensions. Since there are no matter fields and the cosmological 
constant is zero the 3D universe is flat. We would like to point out that invertibility of the 
dreibein is not required. 

We are interested in the solutions where the dreibein and the spin connection are of 
the monopole type. 

G r 



r 



e a jk x k fa + S a j fa + (rA - fa) x a x 3 (6) 



W j{X) 



- \e a jk x k (1 - Vi) + 8 a jfa + (rB - ^ 2 )x a %l (7) 



The functions A, B, (pi and ipi depend on r only. Writing the first term in the dreibein as 
above simplifies the action and the equations of motion. The constant G is included in the 
definition of the dreibein to keep the dreibein dimensionless. It is clear that the monopole 
ansatz breaks GL(3,R) x 50(3) to 50(3). Inserting the spin connection in equation (0) 
one obtains the Riemann tensor for the monopole ansatz. 

R a ij = ^e^^x'itf + ^-^ + ^e^j-e^x^i^ + B^) 

+(5 a J x t -5 a l x J )^' 2 -Bij 1 ) (8) 

Prime denotes the derivative. The metric gij can be recovered through the relation = 
Vab£ a i£ b j which yields; 

gij = ~T + ^Di^ij ~ x i x j) + r 2 A 2 XiXj^ (9) 

A and fa are to be determined from the equations of motion. The metric is degenerate if 
A = 0. It is easy to show that in general one can not bring A to zero by local Lorentz or 
general coordinate transformations. 



Making use of the equations (6) and (8) the Einstein-Hilbert action reduces to the 
following form. 

S=-J o °°dr U'^abfo + + ^{Ma " 1) j (10) 

where {a, b} = (1, 2) and is antisymmetric. Summations are implied over the repeated 
indices. The equations of motion can be found either through (|5]) or by varying ( JlQ| ) with 
respect to the six fields. 

W 6 ~ B<f> a - A^j a = (11) 
e ab ifj' b -B^j a = (12) 

<\>a^a = 0, 1p a 1pa = 1 (13) 

This system can be solved easily. The last line states that if> a is a unit two-vector and a 
is orthogonal to if> a . So we can set cf> a = e a bi^bf(r), where /(r) is an arbitrary function. 
Equation (|TT|) gives A = —f'(r). Setting ipi = cos fl(r) and "02 = sinfi(r) one obtains 
B = Q'(r) from equation (0). The regularity of the spin connection at the origin requires 
Q(0) = 0. The following is the summary of our solution 

if) i = cos fi(r), if>2 = sin £l(r), B = Q(r)' 

fa = f(r)Bmn{r), <f> 2 = -f(r) cosQ(r), A = -f(r)' (14) 

The two functions , f(r) and Q(r) , can not be determined from the equations of motion 
of course. Both of them represent the gauge degrees of freedom in the theory. The metric 
becomes 



9*3 = g2 \ - XiXj)^ + f 2 XiXj \ (15) 



Unlike f)(r), we have not imposed any boundary condition on f(r). If f(r) = r/G one 
obtains gij = dij , which is the trivial Euclidean space. If f(r) = 1 then = G 2 (Sij — 
XiXj)/r 2 . In the polar coordinates this solution is a two sphere; ds 2 = G 2 (d6 2 + sin 2 OdLp 2 ). 
Choosing f(r) to be a constant is possible only because there is no regularity condition 
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on the dreibein at the origin. This choice leads to a singular dreibein since 02 does not 
vanish at r = 0. In the metric formulation one can start with equation (|T5|) but one can 
not choose /(r) to be a constant if one wishes to write down an action. 

In general if f(r) does not vanish at the origin the dreibein is singular. But among 
those singular dreibeins the only dreibein that leads to a two dimensional space is when 
f(r) = C as mentioned above. The radius of the two dimensional sphere is not determined 
since any constant C is fine. 

For completeness let us write the dreibein and the spin connection for our solution. 

(r f e a jk x k f sin ft + 5 a / cos ft + (rf - / cos ft) x a xj\ (16) 



e%(f) = - 7 



w a j(x) = - [e a jk x k (1 - cos ft) + 5 a j sin ft + (rft' - sin ft)x a %] (17) 

The action for this solution vanishes as expected. We have omitted a surface term and/or 
gauge fixing terms since our analysis has been classical. In the quantum theory one has to 
impose gauge fixing conditions on the dreibein and the spin connection. 

In this letter we have made use of the monopole-instanton ansatz for the spin connec- 
tion and the dreibein. At the classical level, one learns from this analysis that there are 
two dimensional solutions in this theory with finite (in fact zero) action. In principle it 
is possible to develope a quantum theory near these solutions. In the metric formulation 
this is not possible. Although spin connection is usually introduced to couple gravity to 
spinors, in the above analysis its existence is the reason that we can have two dimensional 
solutions. 

Some future directions of the research would be to include a cosmological constant 
and matter in this theory. Another interesting problem is to add the Chern-Simons gravity 
IIJ term in the action and study the monopole-instanton solutions. In the Euclidean 



space Chern-Simons term might be imaginary (depending on how one defines the Wick 
rotation). In this case one would be looking at the complex-monopole type dreibeins and 
spin-connections in general. Complex monopoles were introduced in [O in the context of 
a gauge theory. 
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